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1. Introduction

Many formalisms have been introduced for calculating scattering amplitudes for super-
strings. The most practical of these have been (covariant) Ramond-Neveu-Schwarz (RNS) [,
(lightcone) Green-Schwarz (GS) [B], hybrid RNS-GS (H) [{], and pure spinor (PS) [H]. All

of these have (at least) two important defects:

1. Some kind of insertion is required. It may be separate from the vertices, or may be
combined with some vertices to put them into different “pictures”. The result is to
complicate the calculations or destroy manifest symmetry. (The only exception is
tree graphs with external bosons only, where such methods make cyclic symmetry
more obscure but avoid producing extra terms that cancel.)

2. Supersymmetry is not completely manifest. The most serious case is RNS, where
fermion vertices are much more complicated than boson (because the spinors are
not free fields, so in practice noncovariant exponentials of bosons must be used),
and sums over spin structures (periodic/antiperiodic boundary conditions) must be
performed in loops. In the GS and H cases there is partial supersymmetry (and
partial 10D Lorentz invariance), which complicates vertices for the “longitudinal”
directions, which are required for general higher-point calculations; for this reason
we will not consider GS and H in detail. The most symmetric is PS, which has only

an integration measure that is explicitly dependent on the spinor coordinates.

In a previous paper [[] we introduced a new formalism for the superstring (based on
a similar one for the superparticle [[]) using an infinite pyramid of ghosts for the spinor
coordinate (GP) [[§. A derivation was also given from a covariant action. (The RNS
action is not spacetime-supersymmetry covariant. The GS action [f] has defied covariant
quantization [[]. The H and PS formalisms do not follow from the quantization of an action
with general worldsheet metric.) The Becchi-Rouet-Stora-Tyutin operator found there was
rather complicated, but fortunately none of the results of our previous paper will be needed
explicitly here for calculation, but only for justification of the validity of our approach. In
fact, the gauge-fixed action and massless vertex operators were guessed much earlier [[[0].
(An early attempt to apply them to amplitude calculations failed because spinor ghosts
were not included [[]].) The fact that these simple rules can be applied so naively hints
that perhaps an even simpler formalism exists that implies the same rules.

There are (at least) two new conceptual results in this paper (in addition to the explicit
calculations), both of which involve the treatment of zero-modes. These allow us to evaluate



trees and loops without evaluating explicit integrals or (super)traces over these zero-modes,
thereby solving the above two problems:

1. In loop calculations we infrared regularize the worldsheet propagators. In principle
one should do this anyway, since IR divergences are notorious in two dimensions,
especially for 2D conformal field theories, but usually such problems are avoided
by examining only IR-safe quantities. In our case such a regularization allows a
simple counting of the infinite number of zero-modes arising from the ghost pyramid
(including those from the physical spinor), with the only result being the introduction
of factors of 1/4 due to the usual summation 1 —2+3—--- = 1/4. (Regularization of
x zero-modes is unnecessary; it only replaces the momentum-conservation §-function
with a sharp Gaussian.)

2. In tree graphs these zero-modes do not appear separately, having been absorbed
into the definition of the (first-quantized) vacuum. Specifically, since we do not
perform explicit integration over spinor zero-modes, we also do not need to define
measure factors for such integrations, make insertions of operators (essentially Dirac
d-functions in those modes) to kill those modes, nor use operators of different pictures
to hide such insertions. We do not make special manipulations to deal with such
modes; care of them is taken automatically by naively ignoring them. Although we
do not analyze this vacuum (or other) state in detail here (we effectively work with the
old Heisbenberg matrix mechanics, ignoring Schrodinger wave functions), we explain
why such behavior is implied by the standard N = 1 superspace formulation of the
vector multiplet.

The net result of these ideas is that the calculational rules are the most naive general-
ization of the rules of the bosonic string: (1) The b and ¢ ghosts appear in the same way,
affecting only the measure. (2) The spinor ghosts serve only to ensure correct counting of
zero-modes, and give an extra factor of 1/4 to any trace of y-matrices. (3) IR regularization
takes care of all (physical and ghost) spinor zero-modes. (4) The vertex operator for the
massless states generalizes the bosonic-string one just by adding the same spin terms as in
ordinary field theory or supergraphs (to include the spinor vertices), taking into account
the stringy generalization of the algebra of covariant derivatives [[L(].

Consequently, for the case of tree graphs with external vectors only, our rules are
almost identical to (R)NS calculations in the Fj picture. We explain the advantage of this
picture and why it is more relevant to the superstring.

As an interesting side result, we show how the 96 terms in the DP{) current algebra
arise already in the superparticle.

2. Rules

2.1 Vertex operators

We now present the main result of this paper, the rules themselves, with examples later.
(Derivations are given in the appendices.) Here we will calculate amplitudes with only



massless external states. (We also concentrate on open strings, but the results generalize
in the usual way to closed.)

To a limited extent first-quantization can be applied to particles as well as to strings:
It gives only one-particle irreducible graphs (vertices at the tree level), whereas for the
string it gives complete S-matrix amplitudes by duality (for given loop level and external
states). However, the methods are almost identical, particularly since the superparticle is
the zero-modes of the superstring.

The vertex operators follow from the results of our previous paper [H] but are basically
those of [[L(] with a small modification from ghosts (as expected from the integrated vertex
operators of PS [H]):

V = AY(x,0)J4

where A4 are superfields and J4 are 2D currents:

AN = (Aq, A* WO, F)
JA - (QO{’Pa’Da’Sab)

where J4 have zero-modes j4, of which only p, and d, act nontrivially on A4. D, P,
are the currents of [[[]], while S is the Lorentz current of the 6 ghosts (“superspin”).
(Appendix [A] gives the relation of vertex operators between Lagrangian and Hamiltonian
formalisms.)

As for the bosonic string, the integrated vertex operator is [V and the unintegrated
one is cV; the b and ¢ ghosts work in exactly the same way, to keep the measure conformal.
(We could also add a term o/ (9, A*)Oc to the unintegrated vertex operator to avoid having
to apply 9,4% =0 [[19].)

The external-state superfields and the currents can be expanded in 6 for evaluation in
terms of 2D Green functions of the fundamental variables: For example, the vertex for just
the vector is then

1
Ve = Ay(x)0z 4+ §F“b(az)5ba

where S is the Lorentz current of all #’s, physical and ghost. There are also terms higher-
order in 6, but in the absence of external fermions there are no 7’s to cancel the extra 6’s, so
such terms won’t contribute. Because of its universality, this form is useful for comparison
to other formalisms.

2.2 Current algebra

However, when calculating general amplitudes (including fermions), it is more convenient
to expand neither the currents nor superfields (thus manifesting supersymmetry). This
requires rules for evaluating products of arbitrary numbers of currents. Although this
problem is generally intractable for arbitrary representations of arbitrary current algebras,
in our case it is relatively simple:

1. S doesn’t act on the superfields. It is quadratic in free fields, so the matrix element
of any product of such currents is simply the sum of products of loops of them (in
2D perturbation theory), from contracting the (ghost) 6 of one with the 7 of the



next. Fach such loop contributes the trace of the product of the v matrices that
appear sandwiched between 6 and 7 in Sap = Ovap7|> (where “|<” means to restrict
to ghosts).

2. The remaining currents D,, P,, and Q% form a separate algebra. Although their
“loops” are more complicated (since D is cubic in free fields), the structure constants
are so simple that no loop contains more than 4 currents: only the combinations PP,
DQ, DDP, or DDDD. Since D and P (but not ) can also act on superfields, the
matrix element of such currents and superfields reduces to the sum of products of
these 4 types with strings of D and P acting on superfields.

The loops are:

(Da(1)Dg(2)P,(3)) = —ivaasl2Ga(2,3)Gy(1,3) — 2Gy(1,3)Gy(3,2)
£Go(1,2)(GL(1,3) + G1(2,3))]
(Da(1)Ds(2) D5 (3)Ds(4)) = 2iGh(1,2)Go (1, 3)Go(1,4) (1 Yass — Vs20)
F20G)(1,2)Go(2.3)Ga (2 )iyt — Vi Vase)
+iG(1,2) [Go(1,3)Go(2,4)va Yaps
—Gy(2,3)Gy(1, 4)7%7(1045] + perm. (2.1)

where () refers to fully contracted operator products, and “1” means “z;”, etc. We
have distinguished the x and 67 Green functions (G, and Gy) because only Gy gives

zero-mode corrections, which is explained in detail in appendix [H. For N string loops,

G is a genus-N Green function: for trees, G/ (z1 — z2) = —iGp(z1 — 22) = —ZliZQ and

Gl(z1 — 22) = —iGy(z1 — 22) = ﬁ; at 1 string loop they are Jacobi theta functions

and their derivatives; etc.
The action of the currents on the fields is given by considering all possible symmetriza-
tions of the D’s. Any symmetrization of 2 D’s (acting on a field) gives

Da(1)Dg)(2) = Go(1,2)7ap[Fa(l) + Fa(2)] (2.2)

This reduces any string of currents to sums of strings of P’s times antisymmetrized strings
of D’s, which are evaluated as

Dia(1) -+ Dg(2)Pa(3) - P(4)A(5) = Go(1,5) - G(4,5)(dpa - dggpa--- ppA)(5)  (2:3)

where p, = —i0,, and we can replace m, = 9/96 with the usual supersymmetry covariant
derivative d, in such antisymmetrizations since final results can always be evaluated at
f = 0 by supersymmetry.

By 10D dimensional analysis, any S loop is dimensionless, while any D PS2 loop has
dimension 2. This implies (contrary to expectations, but well known from the bosonic case)
that each D P loop carries an extra factor of the inverse of o/. (In the particle case, there



is instead an inverse of z.) Thus, the maximum number of DPS loops gives the lowest
power in momenta, and each loop less gives two more powers of momenta. (One way to see
the dimensional analysis is to note that each current acting on a superfield gives a G/, or
Gy. The same is true in a DPSQ loop, except that 2 currents “close” the loop to give a G
or Gj. Thus, each DPS loop introduces an extra factor of G/ (or G})/(Gyg)?. On the other
hand, closing an S loop gives a (Gy)? instead of G}, so such loops give no extra factor.)

Finally, there is the usual momentum dependence coming from Green functions con-
necting the superfields to each other, from their z dependence only: For the usual plane
waves,

(A1)~ A(N)) = A+ -+ A ¢ 2i<y kirkiGa(ig) (2.4)

with units o/ = 1/2 for the string.

2.3 Component expansion

The final result for an amplitude is given as a “kinematic factor” times a scalar function
of momentum invariants, expressed as an integral over the worldsheet positions of the
vertices. The kinematic factor is expressed, by the above procedure, as a sum of products
of superfields, representing external state wave functions. The string rules have effectively
already performed covariant 6 integration, so these superfields may be evaluated at 8 = 0.
(As in the usual superspace methods, where 6 expansion and integration is replaced by the
action on the “Lagrangian” of the product of all supersymmetry covariant derivatives d,
supersymmetry guarantees that all § dependence cancels, up to total x derivatives.)

The evaluation of spinor derivatives follows from the (linearized) constraints on the
gauge covariant superspace derivatives, and their Bianchi identities [B] The result is

d(aAB) = 273614@
oAy — 04Aq = 27ao¢ﬁW6
1
dawﬁ = _7abaﬂFba

do % = 207, P WP (2.5)

The result is also (linearized) gauge invariant (except for 9,A% = 0, as explained above),
so one may use a Wess-Zumino gauge where A, = 0 at # = 0. (A review of gauge covariant

derivatives appears in appendix [J.)

2.4 TR regularization

In evaluation of tree graphs there is the usual d-function for conservation of total momentum
from the zero-modes of x, but 0 effectively has no zero-modes: The effect of the 8 ghosts is
to mimic GS where, unlike momentum, the 8 surviving fermionic variables of the lightcone
are self-conjugate, and thus have no vanishing eigenvalues. Thus there is no residual
integration over 6 zero-modes (unlike PS).

In loops there is the usual summation over € zero-modes in the sum over all states,
but the ghosts again mimic GS by effectively reducing the number to 8 from the physical



32 (6 and conjugate 7), using the sum
12434+ =1/4

when counting the number of 6’s at successive ghost levels (alternating in statistics). Ap-
plication of this rule requires infrared regularization of the 2D Green functions to “remove”
the zero-modes: The factor in the partition function from these zero-modes is the IR reg-
ulator € to the power 16 x 1/4 = 4 (from the 16-valued spinor index on the 6’s). Since
the O Green function goes as 1/e (+ the usual finite expression + O(e)), the amplitude
vanishes until 4-point. Thus the power of the regulator counts zero-modes.

The 1/4 rule also applies in y-matrix algebra. Amplitudes involve traces of products
of y-matrices. These matrices are the same at each ghost level (except that chirality,
as well as statistics, alternates with ghost level), so the net effect of the ghosts appears
only when taking a trace: Applying the usual y-matrix identities, the trace is reduced to
str(I) =16 x1/4 = 4, again reproducing GS. The difference from GS is that the y-matrices
are for 10 dimensions, so the result is Lorentz covariant, and the usual 10D Levi-Civita
tensor is produced (where appropriate) instead of spurious 8D e-tensors. For example,
anomalies can be found from 6-point graphs. (Details of the regularized Green functions
are given in appendix [H.)

3. Trees

3.1 RNS pictures

We begin by proving that the trees with external bosons are identical to those obtained from
(the NS sector of) RNS. This is most obvious in the Fj picture. Although this picture was
the original one to be used in (R)NS amplitude calculations, it was immediately replaced
with the F» picture [[4]. We refer here to the picture for the physical coordinates (z,1)),
and not just the ghosts: For example, vector vertices have always been Oz + --- except
for two 1 vertices, while in the F; picture all vertices are dx + --- . In the proof of
equivalence [[[4], starting from the F picture, one pulls factors of (the +1/2 modes of)
G = 1 - 0z (worldsheet supersymmetry generator) off of two unintegrated dz + - - - vertices
to turn them into v vertices, then collides the G’s to produce (the 0 mode of) a worldsheet
energy-momentum tensor 7', which gives a constant acting on a physical state. (With
ghosts the approach is similar, with G replaced with the picture-changing operator, which
is simply the operator product of the gauge-fixed G with e? in terms of the bosonized ghost
¢.) The resulting rules are then the same as the rules for the bosonic string, including the
factors of ¢ for the three unintegrated vertices, except that the dx vertex has the extra spin
term. The 8 and 7 ghosts are completely ignored; the vacuum used is in what is usually
called the “—1 picture”, so the zero-modes of v (or ¢) are already eliminated. (What
is usually called “picture changing” in the modern covariant formalism would start with
the F> picture, introduce two factors of picture changing times inverse picture changing,
use the picture changing to change the two 1 vertices, and use the inverses to change the
initial and final vacuua. Unfortunately, the inverse has an overall factor of ¢, so in the new



vacuum (yyc) ~ 1 [IF], and the 4’s pick out the ¢ terms again in two of the unintegrated
vertices v 4+ ¢(0z + - - - ). Thus such transformations preserve the F;, picture as far as the
physical sector is concerned.)

Historically, the F; picture was introduced first because: (1) It is more similar to
the bosonic string, and (2) cyclic symmetry is manifest (no need to bother with picture
changing). The F» picture was then chosen because the physical-state conditions were more
obvious. Although in modern language the BRST conditions are clear in either picture,
it’s interesting to examine the differences in the pictures if the ghosts are ignored, since the
ghosts differ in different formulations of the superstring, but all formulations have similar
integrated vertices. Then the ground state of the F» picture is the “physical” tachyon, at
m? = —1/2, while in the | picture it’s an “unphysical” tachyon at m? = —1. Furthermore,
the Fj picture has an additional “ancestor” trajectory 1/2 unit higher than the leading
physical trajectory. These “disadvantages” were noticed in the days before Gliozzi-Scherk-
Olive projection. On the other hand, for the superstring this projection eliminates the
“physical” tachyon as well as the ancestor trajectory. So the only remaining additional
unphysical state of the Fj picture is its vacuum, while GSO projection has eliminated
the vacuum of the F5 picture altogether! This suggests that any comparison of the RNS
formulation to others would be easier in the F; picture.

3.2 For bosons only

The proof of equivalence of the F; vector trees to the vector trees of our formalism is then
simple: One only has to note that the operator algebra of the vertices is identical. But
the vertices are identical in form; only the explicit representation of the spin current is
different. So one only has to check the equivalence of the two current algebras. Since they
are both (10D) Lorentz currents, quadratic in free fields, this means just checking that the
central charge is the same. (The same method has been used for comparing PS to the F;
picture [I].) The reason the result for the central charge is the same is that the GP result
is the same as the GS result: The y-matrix algebra is the same except for a trace, which
is 1/4 as big in the lightcone as for a covariant spinor, but GP again gets a factor of 1/4
from summing over ghosts. (As we’ll see below, similar arguments apply in loops, unless
one gathers enough spin currents to produce a Levi-Civita tensor.)

The calculations in the F; picture (and GP) are somewhat harder than the F3 picture
because two vertices have been replaced with ones that generate more terms, which cancel.
Also, RNS bosonic trees are simpler than PS or GP because integration over the vector
fermion ¢* effectively does all y-matrix algebra. However, tree amplitudes with fermions
are much harder in RNS than PS or GP (and increase in difficulty as the number of fermions
increases). PS is still simpler than GP, because 6 integration takes the place of the change
in the two vertices, and so also avoids generating extra terms. So, for trees RNS is the
easiest for pure bosons, PS is easiest with fermions, and GP is a bit harder than both.
However, GP requires fewer rules, since all vertices are the same, so it produces more
terms at an intermediate stage but is easier to “program”. This feature is a peculiarity of
tree graphs: At the loop level we’ll see that GP maintains the simplest rules, while RNS
produces extra terms that cancel (because supersymmetry is not manifest).



At first sight these rules for GP might seem peculiar because there is no explicit
integral over spinor zero-modes, as expected in known superspace approaches. The answer
can be seen from examining the simpler (and better understood) case of 4D N=1 super
Yang-Mills. Since the vacuum of the open bosonic string can be identified with a constant
Yang-Mills ghost (or gauge parameter), we examine the ghost superfield ¢, and look at
¢ = 1, a supersymmetric condition. Since this superfield is chiral, and supergraphs prefer
unconstrained superfields, we write ¢ = d?x in terms of a general complex superfield .
Then clearly x = 62 in our case. This is still supersymmetric because of the gauge invariance
8x = dg\*. Furthermore, this x has a nice norm, i d*0 |x|?> = 1. In Hilbert-space notation
we thus write the norm and supersymmetry as

<O‘O> =1, QOJ‘O> - Q’)‘>o¢

S0 the vacuum is supersymmetry invariant up to a BRST triviality, and the norm includes
zero-mode integration, but the extra zero-modes are absorbed by the vacuua, and no inser-
tions are required. (We could also use |A), = A, |0) to define o = ¢o — [@, Ad], Ga|0) = 0.)
This supersymmetry of the vacuum is enough to ensure the amplitudes transform correctly,
since the vertex operators are superfields times supersymmetry invariant currents, and the
vacuum and vertex operators (integrated and unintegrated) are BRST invariant. (The
unintegrated vertex operators we have used are BRST invariant only after including terms
higher-order in ghost 8’s, which don’t contribute to amplitudes for massless external states,
and probably not for massive ones either, because of the absence of ghost 7’s to cancel
them.) The fact that the vacuum is “half-way” up in the 6 expansion was also found for the
expansion in the spinor ghost coordinates in a lightcone analysis of the BRST cohomology
for the GP superparticle [fJ]. Note that this choice of vacuum is relevant only for trees; at
1 loop one effectively does a (super)trace over all states rather than a vacuum expectation
value, so the vacuum is irrelevant. (We assume a similar situation will occur at higher
loops, but we have not checked yet.) As we will see below, one important affect on this
vacuum choice for trees, which does not affect loops, is that:

For tree graphs only, background fields are always evaluated in the Wess-Zumino gauge.

If this vacuum structure can be better understood, it might be possible to find an
analog of the F5 picture for GP, avoiding the production of extra canceling terms, making
it the simplest formalism even for trees. As an attempt at formulating such a picture,
one can consider this picture for RNS: For pure bosons, two vertices must be in the “—1
picture”, so it is convenient to consider those two as the initial and final states, using the
vertex operators on the initial and final vacuua. Generalizing only those 2 states to include
fermions, we can write their vertex operators as in GP, but now identifying the currents
with

D, = e_¢/25a, P, =e %Y, Q= e 30/2 g

The first two are the usual for the spinor (in the —1/2 picture) and vector (in the —1
picture), while the last can be identified as that for the spinor in the —3/2 picture (also

with conformal weight 1) if we use the “supersymmetric gauge”

Wa ~ ’yaaﬁaaAﬁ



instead of the WZ gauge. (Hitting cA,Q% with picture changing produces cW®D,,.) These
currents satisfy almost the same algebra as the usual ones (including DP ~ €, to leading
order); the only exceptions are QP and Q€. As a guess for the GP analog, we can then try to
construct a new D P() for this picture that depends only on the ghosts. Unfortunately (the
simplest guess for) this construction seems not to work, apparently because the dependence
on the WZ gauge hasn’t been eliminated, and is incompatible with the supersymmetric
gauge.

3.3 General 3-point

As explained in section P, we prefer the superfield formalism for the calculation of ampli-
tudes with fermions. This includes the all-vector amplitude in the same calculation. The
only nonvanishing operator products for the 3-point tree, after applying the Landau gauge
condition (0 - A = 0), are:

P,(1)Py(2)) x P.(3)A%(1)A®(2) A¢(3) + permutations
(

)
3)) + perm.
(

)
X Wo‘(l)Wﬁ(2)Aa(3) + perm.
(DD (3) x Dal )W (1)WH(2) 4,(3) + perm.

T QN EY QW

(D5 (3)W*(1)(Da(HWP(2)(D(2)W7(3)) + perm
(Sub(1)S2a(2)) x Po(3)F* (1)F(2) A°(3) + perm.
(San(1)5ca(2)Se(3)) x (1) F(2)F (3) (3.1)

where the S contraction is the usual 7 trace.

The other contributions, like ((DoQ°)P) - AW*Ag, ((SS)D,) - FFW®, (PPD,,) -
AAW® and (PDoDg)AW W, all vanish using k; - k; = 0,fW = 0 in the Wess-Zumino
gauge. We give some details of the calculation in appendix [H.

Notice that F and H combine to give the GP sum 1 —2+3 —4--- = 1/4. From these
combinations we find the manifestly supersymmetric 3-point tree amplitudes for vectors
and spinors

AFe = k1 - A(3)A(1) - A(2) + k3 - A(2)A(1) - A(3) + k2 - A(1)A(2) - A(3)
FIA(L) - W(W(3) +iA(2) - W(BYW (1) +iAB) - WAW(2)  (3.2)

where A(7) are the vectors and W (i) the spinors. (Note that we use the usual anticommut-
ing fields for the spinors; numerical evaluation involves fermionic functional differentiation,
replacing these fields with the usual commuting wave functions, and may introduce signs
if not all terms have the same ordering.)

This result applies to both the superparticle and superstring. In the string case there
is also a factor of 1/(z1 —22)(22 — 23)(21 — 23) from the Green functions, but this is canceled
as usual with the inverse factor from the conformal measure obtained from (c(1)c(2)c(3)).

,10,



4. IR regularization

4.1 Zero modes

The kinematic factor in supersymmetric amplitudes is closely related to the spinor zero-
mode problem, which is the most important problem in the Lorentz covariant superparticle
and superstring. If we naively integrate over zero-modes of the infinite pyramid of spinors
with no vertex attached, we find 0-00%-03-00%-0%-00% - - - . So we need to regularize the zero-
mode integration. In appendix [} we derive the 2D Green function with a 2D regularization
mass, but it turns out that the zero-mode behavior of the 2D Green function is exactly that
of the 1D one. So we will concentrate on the 1D case here. To do this IR regularization
we introduce small mass terms in the superparticle free action (for 1D “proper time”
coordinate z)

XY=+ HX,,  —im(d, +e)b (4.1)

Now we can fix the measure of zero-modes for X and 6 without ambiguity. For X,
neglecting the Laplacian term, which vanishes for zero-modes,

D/2
lim [ dPXy e~ TEXF2-ER X0 _ iy (27 ) o~ R2/2re?
£€—0 £—0 \ TE2

— (2r)PoP (Z k:)

_ / P X, e~ h)-Xo

where T' is the range of z (at 1 loop, the period). Here we used lim¢_ g 6*5’32/252/\/3 =
V2mé(x). Therefore our zero-mode measure for X is

‘ 2 D/2

However, this bosonic zero-mode does not appear explicitly, since this always gives mo-
mentum conservation thanks to the vertex operators.
Similarly for 6 we see

/ 9 dr T = (jeT) 277" (4.3)

where “4” stands for fermionic and bosonic spinor respectively. Then our zero-mode

measure for a spinor is

/ df dr = lim(ieT) 277" (4.4)

e—0

In our case we have an infinite pyramid of spinors and hence we get

e—0

/d@ dr = lim(ieT)(2(D72)/2)(1—2+3—4+...)

= lim(ieT)Q(Df()‘)/2

e—0

(4.5)

— 11 —



where we used coherent-state regularization for the ambiguous sum 1 —2 4 --- =1/4:

2

—¢ " (el(ala+ (1))

v+ = [
22 9
- / T2 P (elatal — 2) + (2] — 2)

2
- /Q(—Izl2 + e 2"

m
1 1 1
— 4= 4.6
4 + 2 4 (4.6)
More intuitively
1 2 3 4
=l—-z+a"—az"+z" -
142
1
= 1-92r 432 — 42+ ...
i+ x)2 T + 3T T+
so at x = 1 we get 1/2 and 1/4 respectively.
Therefore in D = 10 we get effectively €* for zero-modes. So our complete spinor
measure with non-zero modes is
DY Dr (iTe)* (4.7)

The significant role of this effective power will be clear after we discuss the Green function.

The regularization 1 —2+3 —4+--- = 1/4 explains how we can get a physical SO(8)
spinor contribution out of 2 covariant 16-component spinors 7 and 6. Because we cannot
project covariant spinors into physical spinors in a covariant way, we need to add infinitely
many ghosts to achieve this 1/4 reduction in amplitudes.

4.2 Regularized Green functions

We summarize the results of appendix [{ here. We find the regularized 1D Green functions
for x and 0

v, _ 1 cosh[¢(]z| —T/2)]
G = e sinner)2)

) = it QLECOSZ[;(IZLT_/;/Q)]

(4.8)

The e correction to 9, in GY is nontrivial because it multiplies a Green function with a 1/e
term.

It is convenient to expand the Green functions in € when we calculate scattering am-
plitudes:

T 1 S T ¢&n
G = 52—T+§Gn§

T— "
ea= —+ > Ghe (4.9)
n=0
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where

T, [zl =T) _ T
I o AN ol A SN 6
12 2T 12 + Cun

G = %Sign(z) - z% =G (4.10)

and GZ, and GY, are the usual 1D Green functions with periodic boundary conditions,
normalized to Gy, (0) = 0. The extra constant will not contribute to massless amplitudes
because of derivatives and k% = 0.

Because the mass (re)moves zero-modes, the usual fudges of the massless Green func-
tions are eliminated: There is no freedom to add constants (dependent on 7', but not z) to
G, and the § function in its equation of motion is not modified to §(z) — 1/T to preserve
“charge conservation”. But the latter property is restored upon expansion in the regulator:

x_i T 92 AVa 92 2 T __ _l
G—§2T+AG, (-0 +€)G" =0 = (-0 +E)AC"=0-—
G9:é+AG9, —i(@+e)G =5 = —i(8+e)AG€=5—% (4.11)

Similarly we will do this expansion for superstring Green functions. The details are
given in appendix . However, expansion of G® is unnecessary, because in vertex operators
X appears only as X (and as an argument of the superfields), and any contraction involving
this vertex operator is always finite. (The derivative kills the potentially divergent 1/¢2
term.) For this reason X regularization gives only energy-momentum conservation and is
irrelevant to amplitude corrections. But € expansion of GY is crucial, as we will see in the
next section.

5. Loops

5.1 N < 4 super

Here we give simple examples. The only differences from standard first-quantization of a
loop of a scalar particle or bosonic string can be associated with “kinematic factors” that
may also depend on the positions of the vertices on the worldline/sheet. (For a summary
of the standard analysis of the other factors, see appendix [D}.)

Collecting the results of the zero-mode measure and the Green function zero-mode
behavior, the amplitude is zeroth order in e.

Since there is an €* in the measure, we should pick up an e~ in the integrand of the path
integral. For example, one sub-diagram of the N-point 1-loop amplitude is proportional to

j{de e G%1,2)G%(2,3)---GY(N,1) (5.1)

Then to evaluate this amplitude we should expand each GY and collect terms with e~
We now notice that every GY gives i/eT. For N < 4 there are not enough powers of
¢! and so their amplitudes just vanish.
There is no zero-mode behavior for any contraction involving 0 X because of the deriva-
tive. Therefore P contractions start to contribute only at N =5 (a black dot in figure [I).
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Figure 1: Schematic diagrams for various contractions.

5.2 N =4 vector only

The first nonvanishing amplitude is at N = 4. However, this is just the case where every
G? from the Sy’s contributes i/eT. So the integration is trivially done for Ky and only
its spin algebra matters. There are two kinds of diagrams: the case where all 4 points
are connected, and the case where each pair of points is connected separately (figure [I]).
These two diagrams have opposite sign. Each closed contraction should be traced over all
ghost pyramid spinors to give 1 —2+43 — 4+ --- = 1/4. Therefore we get for Ky, omitting
external field factors,

1
K, = -1 {tr(yabyc‘jyefygh) + 5 permutations ]

1
+1—6 {tr(wabVCd)tr(wefwgh) + 2 permutations ] (5.2)

Using the Mathematica code Tracer.m we evaluate this gamma-matrix trace to find

Ky = %(5b05d65f95’w 4 gtegel §lagha 4 5aegIo5eh g 4 45 terms
from antisymmetrizing each pair of indices [ab][cd][ef][gh])
_% (g9t _ godghey (5eagfh _ gehsfoy
(590 gb — §af ghey(5eagdh _ goh gda
(3998 — gen5t) (500 — 577 5%)| (5.3)

This is the well-known kinematic factor for both tree and 1-loop. We can also express this
results in terms of F as [[I7]

Fo(1)Fb(2)F,%(3) Fya(4) — %F“b(l)Fab(2)F0d(3)ch(4)
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() PRy (8) Foa(4) — 2Fe(8) Fra(4)] (5.4)

which can be interpreted as “graviton”, “dilaton”, and “axion” as far as Lorentz (and not
gauge) structure is concerned. (In the nonplanar case, it actually corresponds to those
poles for color singlets in the 142=3+4 channel.)

5.3 N =4 super

Here we again prefer the superfield formalism as explained in section P} However, the 4-
point one-loop case is dramatically simplified due to the IR regularization. Consider the 4
types of fully contracted operators again and then notice that they can have only limited
1/e factors, since each G? gives such a factor while G’ doesn’t:

Py(21)Py(22) : O(Y)
Do(21)0%(22) = O(%)
Do (21)Dp(22)Pa(23) = O(e™h)
Da(21)Dp(22) Do (23) Ds(24) : O(e?)
(8" : O(e™) (5.5)

This means that except for S they appear at best from the 6-point at 1 loop. So the
only contractions for this amplitude are from S* and $2d2. We also need to consider the
case where 4 d’s act on the superfields. Then we can directly write down the kinematic
factor for the manifestly supersymmetric, 4-point, 1-loop amplitude

1 (6%
Tiladsdydy W (WA )W (3)W°(4)
3
oo tr (Y0 ) dio dgy Fap (1) Fea ()W (3)WF (4) + perm.

32
+ K4 (FY) (5.6)

K, is the same as K, above except that the (super)traces don’t include the physical 7, 6.
Of course, this missing contribution comes from (dgW®) (doW?) (dsW?) (d,W?) plus
different permutations of the d’s. Also, the missing contribution for the tr(yy°?) terms
comes from —%W“(d[ad(;] wh )Wv(dhdﬁ])W‘s plus different permutations. Note that this
result already has the same form as the 4D N = 1 supergraph calculation for N = 4
super Yang-Mills [[§ (if we rewrite it in Majorana notation for comparison), where there
tr(I) = 4 already, so S terms are unnecessary to produce str(I) = 16x 1/4 = 4. (There the
d* comes from overall § integration, the d’s of the W’s being killed by loop- integration.)

We give here the fermion part of the result of (b.€) and leave details to appendix [H.

KfFBB _ —%W(1)’)’ab’)’cadW(Q)ch(?))Fab(Zl) +3<4

= S ()aseda (2 F () F(4) + W (1) W (F(3) .V (4) 43 - 4
KfFFF = —4ky - kg W(DAW(2) - W(3)yW (4) + 2 « 4 (5.7)
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where vYape = %wa%%]. (The [abc] means to sum over permutations with signs to anti-
symmetrize.) The second form of the FFBB amplitude can be interpreted as “axion” and
“traceless graviton” terms. (Using the fermion field equation and symmetry, the former
term is totally antisymmetric in abed and a total curl on the fermions, as the FF' fac-
tor is then for the bosons, while the latter term is symmetric and traceless in ab.) We
have written these amplitudes in manifestly gauge invariant form. Note that the complete
4-point amplitude is totally symmetric in all 4 external lines. (This was clear from the
original form (f.6).) This means that not only are the specific cases listed above separately
symmetric between boson lines and between fermion lines (if we had used wave functions
instead of fermionic fields then they would be antisymmetric), but the amplitudes for other
arrangements of fermions and bosons are obtained simply by permutation. The usual rep-
resentations are given in appendix [H.

5.4 N > 4 vector only

In principle there is no difficulty to evaluate higher-point diagrams. Some new terms occur
compared to the N = 4 case. First of all, X can contribute from one vertex, acting on
a field, which is indicated by a black dot in figure [Il. (All the other vertices contribute
contractions between 0(z;) and m(z;) from S.) Terms of the Green function higher-order
in the € expansion start to appear and thus Ky has z; dependence. We give a schematic
diagram for various types of contractions in figure f|. Notice that our diagram exactly
coincides with earlier covariant RNS results [[d]. There can also be corrections from the
fermion partition function because of regularization. For example, this correction in the
6-point amplitude is proportional to 67’(0]i7) /67 (0]iT) (see appendix D.Z).

5.5 N =5 vector only

First we will consider the part of the amplitude that doesn’t have a black dot in figure [l
Let’s call the graphs without and with a black dot K% and Kﬁ’v respectively. Since the
5-point amplitude has 5 sides we should choose Gg from exactly one side. This is true
for both the pentagon and triangle + ellipse graphs. The difference between them is the
gamma matrix trace factor. So we can write down the part of K¢ for a given group-index
ordering (the kth vector has 9y r) as:

1
K¢ = _Z[Gg(zz — zl)tr(fyalbl7“2b2fy“3b3fya4b4fy“5b5) + 23 permutations]
Lo a1by - azba - asbs . (~asba . asbs -
+ TG (G (22 — 21 )tr (y?171y 927249303 )t (44494~4575) 1] permutations] (5.8)
Then we can write
5
K = Z k?lGx'(zl —2j)K4(2,3,4,5) + 4 permutations (5.9)
=2

where K4 was given in subsection .3, K £ and K, é’ complete the 5-point planar amplitude.
Totally antisymmetric e-tensor terms vanish because the 5 external momenta are not in-
dependent. Notice that the light-cone GS calculation reduces to our results after heavy
algebra [R(], and RNS needs a spin-structure sum to produce this result [[[]].
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We postpone the N > 6-point amplitudes to another paper, which will be interesting
because of the anomaly cancellation issue. One good thing in our covariant formalism is
that we have a totally antisymmetric e-tensor naturally in the hexagon amplitude, where
we have enough momenta to have a nonvanishing result, contrary to the 5-point case.

6. Future

There are many avenues of further study, in particular:

1. Many types of diagrams can be calculated. At the tree level, diagrams with many
fermions have not yet been explicitly evaluated in any formalism. New algebraic
methods for the current algebra might be useful. At the 1-loop level, little has been
done with fermions or higher-point functions. Alternative IR regularization schemes
could be considered. The 2-loop 4-vector calculation would be a good test, and
nothing more than that has been done at 2 loops, and nothing at all at higher loops.

2. The Hilbert space needs to be studied covariantly, especially the vacuum, to com-
pletely justify the naive manipulations we have made for tree graphs. It would be
useful to find the relation of these methods to supergraphs, where explicit zero-mode
integrations appear (both in loops, corresponding to 7 zero-modes, and an overall in-
tegral for 6 zero-modes.) Massive vertex operators for physical states are expected to
also be relatively simple, as the spinor ghosts should appear again in a minimal way
(as opposed to the more complicated structure of the BRST operator). The analogy
to second-quantized ghost pyramids (e.g., for higher-rank forms) might be useful:
There ghosts beyond the first generation (i.e., the usual Faddeev-Popov ghosts) ap-
pear only at 1 loop, to define the measure.

3. Closer relations to other formulations might exist. An analog to the F» picture of
RNS might further simplify tree calculations. The many similarities with PS suggests
it might be a particular gauge choice of GP that truncates the ghost spectrum.
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A. Hamiltonian to Lagrangian

A.1 Superparticle

In our previous paper we constructed the BRST operator for the superparticle and su-
perstring in a super Yang-Mills background [f]. From the BRST operator we can get the

gauge fixed Hamiltonian:

ng}?ticle _ {b, Q@}
1 1
— —§D + WV, + §Fab0%awy> (A1)
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Figure 2: Infinite pyramid of ghosts.

where

U= _(pa + Aa)2, Tab = 5ab

Va = doa + Aa
doa = Toa + (ﬁeo)a, Toa = 8/898

a 1 a a a a
7 =70 =", (" =207

and V,, V, are the graded covariant derivatives.

Notice that 7 and 6 are shorthand notation for 7, , and 674, where p — ¢ is the ghost
number and p + ¢ is the ghost level. (Even level and odd level correspond to fermion and
boson respectively.) The expression “|~” means “ghosts only”.

Now we go to the Lagrangian form of the action for x. To obtain complete results
for the amplitude rules, we need to keep terms in the Hamiltonian quadratic in the back-
ground fields. This has two unusual consequences: In the Lagrangian, (1) all these terms
will become linear (as familiar from the bosonic case), and (2) such terms new to the
supersymmetric case will appear only with 6.

Neglecting ¢b¢ and F' - § we see

o1
—pitimld + S (p+ A)? + W moa + p*(Yab0)a + Adl

= —%i‘2 +im+ A i —iA0 + W |:7T0a + (@& —A) (v00)a — %(Vﬁ)a . W’y@}

By redefining 7o = 7o + A - (V00)a + %(yﬁo)a - W~0y (deformed only with gauge fields)
we get

1 . . . ; .
—5552 +iml — Aif5 + A - (& + i00v0p) + W |:7T004 + - (v00)a + %(weo)a . 00700}
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The background terms then give the vertex operator

V = A%
1
= Agw® + A%, + W, + 5F“”gbm (A.2)

where

da = Moo + T - (790)04 + 5(’7‘90)04 : 60760
Pa = @+ i0070o
w = —iég‘

Sab = 07ab77’> (A?’)

The fact that 6 vanishes by its free field equations is related to the fact that its con-
traction with 7 gives a §(z), canceling a (spacetime) propagator, and thus contracting two
3-point vertices into a 4-point vertex. Thus, they originate from terms in the Hamilto-
nian quadratic in background fields. The string vertex operator is the same, with the z
derivative replaced with the left- or right-handed worldsheet derivative.

In our previous paper [E] the background coupling had additional terms involving the
expression R*, quadratic in ghost 6’s. These terms never contribute to amplitudes because
there are no ghost 7’s to cancel them. (§ has a ghost 7, but together with a ghost 6.) This
is also true for the superstring.

A.2 Superstring

Like the case of the superparticle, the gauge fixed action for the superstring comes from
{[ b, Qsstring }, adding first-order terms: without background,

~ 1 A A
Scr = / A%z P9, X — 5 hn PP V2 Orctbis +iV2)  0L0%n*
+ +

The /2 comes from 0y = (1/v/2)(9p & O1).

We can introduce the background as for the particle case:

V = A4,
= A%+ AP, + WD, + %F“bé‘ba (A.4)
where
1

Da = Moo + (’Ya‘gO)aaXa + ii(’yan)an'Yaan
Pa = 3Xa + 1'90%800
Q, = —1000q
Svab = 97ab7r|> (A5)
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B. Current algebra

The operator (affine Lie) algebra remains simple because the currents are no more than
cubic in the fundamental variables:

Ja(21)JB(22) = Gap(21—22) fap 121 Jo(2) + Gl (21 — 22)nap+ = Ja(21)JB(22) = (B.1)

where J4 has zero-modes j4, of which only p, and d, act nontrivially on A%, and Gap is
the relevant Green function. For example, GSZ) = chn) and Ggg = Gén_l). The various

definitions are

FaatF10%() = 27005 (20)
n.’ = —id]
n’o = id]
Mo = ~Tab

otherwise vanish

and

= Ja(21)JdB(22) i AC = - Ja(21)JB(2) : A€
Ja(21) AP (22) = Gyp(21 — 22)(jaAP) (22) + T4 (21) AP (22):
A (21)AB (z9) = e FrkeGalzi=22); AA(5) AB (25):
= Ja(2)JdB(22) = Jo(z3) = (=1)PCG o (21 — 23) facP ]I (2) Jo(23)

+Gpo(22 — 23) [P [Z]Ja(21) I (Z)
+H(=1)PC Gz — 23) fac P[] 1 Ip() Je(2s) =
+G'po (22 — 23)fecP 2] = Jalz1)Jp(2) ::
+ 2 Ja(2z1)JB(22)Jc(23) = (B.2)

It is then straightforward to get (R.1), which is all that is needed in amplitude calculations.

C. Component expansions

The 6 expansion of the superfields follows directly from the constraints on the (super)field
strengths

[vm Vb] - Fab
{v(]a, vOﬁ} = 2’7aaﬁva
[vOom va] - Q'Yaaﬁwﬁ

and the Bianchi identities that follow from them.
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Although in practice we perform component expansions by evaluating spinor deriva-
tives at § = 0, we can also directly expand superfields in 8. In a Wess-Zumino gauge we
have:

Fab = Fab

o 1 o
W = W + 5(7‘“’90)“}%

o o 1 o
Ay = Ay + 2007, W + 590%7”090 Fie

o 4 o 1 o
AOé = (Vaao)aAa + g(’Ya@o)aHO’YaW + Z(VGGO)QHOVGVbCHOFbC

where o indicates 6y independence, and we have expanded only to constant field strengths
W and F', which is sufficient for lower-point diagrams because of the deficiency of 7’s. The
vertex operator V = Vg + Vp for the superparticle is then:
N
Ve =iA -3+ §Fa O0vpaT
o

. 1 o
Ve = W | 7moa — i@ - (700)a — 6(%90)&907 0o (C.1)

Here 6v4m includes the physical 7y, 6y. (In terms of superfields and currents we hide this
physical mg, 0y in W and D,. Then S has only ghost number non-zero m,6.) Notice
that the spinor vertex is the supersymmetry generator q,, which will happen again in the
superstring case. Inserting plane waves for the fields,

Vi = Ag(ii® + 0y Prky)et® (C.2)

Vi = w® |moa —i% - (V00)a — E(Waao)a907a90 et (C.3)
The superstring vertices are essentially the same.

D. Loop review

D.1 Superparticle

Since our theory is lst-quantized, we should calculate amplitudes in terms of worldline
Green functions with periodic boundary conditions [RI]. So our partition function with

imaginary time is
% 4T
N/ = /DX De Db DY D Tr e~ Jo 4= Lo (D.1)
0

where

N = / DP e~ o 4=P*/2 (D.2)

and [dT/T comes from the Schwinger proper-time integral representation of the 1-loop
vacuum energy —7'r[In(—0)].
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Since this is a 1-loop amplitude, we should impose periodic boundary conditions, on
both X and # (to preserve supersymmetry):

X(T) = X(0), 6(T)=6(0) (D.3)

This boundary condition also results in a supertrace naturally in the loop amplitude.
In this setting the color-ordered, N-point, 1-loop amplitude of the superparticle can
be written as:
[e.e]
An =Gy / dT (27T~ P72 / dVN 71z Ky e Zisr<ssn breksGrs (q 4)
0 0<2r<zr41<zy=T<o0
The factor (27T)~P/? comes from N [DXe™ JX2/2 The z; integration factors come from
the Nth order expansion of the vertex operator. The worldline Green function G(zs — z;)
is given in ([.§). Examples of the kinematic factor Ky are given in section . The factor

Gy is the trace of group generators in a given ordering.

D.2 Superstrings

The procedure is almost identical to the particle case. One difference is that our Green
functions are now doubly periodic:

G*(z) =G"(z+2mi) =G*(z+1T)
GUz) =GOz +2mi) =Gz +T) (D.5)

Again this periodic boundary condition in both directions is required by supersymmetry.
Also, there is a topological distinction among graphs, namely planar, nonplanar, and unori-
entable graphs. We will concentrate on the planar one here; the others follow from similar
considerations.

We can write the color-ordered, N-point, 1-loop, superstring amplitude in a form identi-
cal to that of the particle case (D.4), but with the string Green function given in appendix[E.
After the usual change of variables

2

pi=¢e ", w=py=e T (D.6)

we have

Vdw (—2m\P/? ML,
N R L
0 0

w Inw Sw<pr+1<pr<1 .1 Pr

In the bosonic case there is a factor of [f(w)]"P*2 coming from the partition function
(and a w from the tachyon mass) for D X’s and the 2 reparametrization ghosts b and
c. In the supersymmetric case this is canceled (as in all superstring formulations) by an
[f(w)](QD/Q)(I*H?’*““') = []”(11))]2(]374)/2 which comes from the infinite pyramid of spinors,
in D = 10. However, the regularization introduces corrections to the spinor partition
function:

[[a - w*a—wm* =[] - wo)* — w7t (D.8)
n n

The € expansion of this partition function gives corrections to amplitudes. For example, in
the 6-point, 1-loop amplitude we expect a term ~ (1/¢)%(e20{"/6}), where the (1/¢)% comes
from 6 G?’s and the €26;"/6) comes from expansion of the spinor partition function.
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E. Periodic Green functions

E.1 Second order

The general Fourier decomposition of a function in 2 dimensions with doubly periodic
boundary conditions ((z,y) ~ (z + 2m,y) ~ (x,y + 277)) for real 7 =T /27 is

Gla—a/,y—y) =Y Gy el Hmu=v)/r (E.1)

Then the G, ,,, for the Green function of the differential operator —02 — 83 + €2 is easily

found to be
1 1

2
21T 2 Ty 4 €2

Gn (E.2)

M

For simplicity we can set ' = 3y’ = 0 by translational invariance. Using Schwinger proper-

time parametrization we get
27”- Z/ ds e~ (n24+m?2 /72 +e2)+inz+imy /T (E3)

Next using Jacobi’s transform

—sm? /T2 +imy/T _ z —(2mrm—y/7)%72 /45
> T\/: >

m
we get
1 ©© T —(2mm— 22 /45 s(n?e?) i
G(.%',y) = _Z ds Ze Tm—y/T)*7%/4s—s(n*+€*)+inx (E4)

27 m 0 S
Then using

o0 q o2

[Tas st et —2 (D) Koy

0

we get

Glz,y) = \/1_ Z ((27Tm7' — y)2>1/4 eianl/Q <\/(27Tm7' —y)2(n? + 62)) (E.5)

n2 + €2

Also using K /9(2) = \/7/2ze™* we get
1 I
G ’ — _ —|2rmT—y|vVn2+e2+inx

(z,9) p: €

1 3 L Vet ving
2 2
26 2 m;éo 27#0 Vn? +e

Z \27rm7'—y|\/n2+62+i7w: (EG)
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Now let’s transform each sum into a sum over positive integers only:

1 1 o
— —el2rmT—y| _ = h —2TmTe
- g e - cos (ey) E e

m=70 m=1
1 _.. cosh(ey)
_ 1 e cosh(ey) E.7
2¢¢ sinh(7e) (E.7)
—lylVn?+e*tine _ (A + c.c. E.8
1;)Vn2+62 Z\/n2+62 ) 58
Z e~ 12mmT =yl vine _ Z n(pn " Fec)  (B.9)

nm#o«/n2+€2 ’/TL2+€2 Wn

nml

(o
S A

wy, = e 2TV I+ /n? (E.10)

where

In A,

We can subtract out G for the particle from G(z,y), which includes the part divergent as

e — O ) L
1 cos [e(|y| —7T)] (B.11)
2¢  sinh(7Te)
The remainder is
1§: ! (A" 4 Z (4 o™ 4 c.c) (E.12)
— — c.c.) c.c .
In the € — 0 limit (w, — w=e"7, A\, = X\, pp — p=e"%,2 =y —iz), using
Z — =—-In(1-2)
we get for the remainder
- m m _—1\] __ [Re(z)]Q 1
A= 3w - w1 we ) = PRy w4

m=1

where (assuming |y| = y for simplicity)

270 iz ZT 2
(o T) = —In |0 lr) || [Re()
01(0/55) 2T
iz TN s 12 p112) T _ _
61<27127r>_ iw(p mH11 w™p)(1 —w™p (1 —w™)
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6 (0057 ) = 2Py, g = [l -
m=1

and G7,, is the unregularized Green function with the usual T-dependent “constant” added
to normalize its short distance behavior to be the same as that of the tree case (see,

e.g., BI)).

Combining the two parts we get

G(p)—Ti g——%+£+0()
ir ( 2~ il ~n [ (@) + G5, + O(0
1 x
= s — s Il f @) + G, + 00 (E.13)

The first term is the zero-mode behavior, and the second term is a constant that won’t
contribute to massless amplitudes (because of derivatives and k? = 0; the non-f piece is
the same as for the particle).

E.2 First order

The worldsheet Green function for § can be obtained by differentiating that for X. However,
to be careful about zero-modes some modification is needed. For the 1st-order differential

operator —i(0y — i0, + €) we find the mode sum of the Green function

i —im/T+n+€ i

GG _ v nx+imy/T
T Z m2/72 + (n+ 6)26

m,n

1 1 L
— (=0, —id nx+imy/T
i(=0, —i x+6)2ﬂ7;m2/72+(n+6)26

where the € in the numerator is nontrivial because the second-order Green function has a
1/e pole. The above sum is almost identical to the second-order case except for the change
n? + €2 = (n + €)% Therefore we can write the first-order Green function as

GO = i(—0, — 0, + ) 1 coshle(|y| — 77)] +1i )\N+ )
=i(—0y, —1 €) | — = c.c.
Y * 2¢  sinh(7Te) 2= n+
1 o
+§ F (Pn + pn + c. C (E.14)
n,m=1

where
. . €
In\, =i [w +i|y| (1 + —)}
n

Inp, =1 {x—i—iy <1 + E)]
n
— 6—27r’r(1+5/n)
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Hence it has a less divergent leading term followed by the expected differentiated second-

order Green function:
. [oe)
6 _ ¢ Z 0 n
G = T_e + - GnE

= — +i(0, +i0:)G5 + O(¢) (E.15)

F. Super amplitudes

F.1 Super tree

In this section we give some details of the calculation of 3-point tree and 4-point 1-loop
super amplitudes.

We will concentrate on terms which give fermion contributions. In (B.1]) only C, D,
and E give the AWW amplitude. Let’s consider A(1)W(2)W(3), for example. Us-
ing (P1)), (B-9) we get for the tree (no fermion zero-mode regularization)

1
<Pa(1)Pb(2)> = _nabm
Broy 56 1
<Da(1)Q (2)> - 604 (Zl _ 22)2
, 2 1 2 1
(Pa(1)Pa(2)D5(3)) = ~iYaapl_— i—2)? si—2 ()
1 1 1

- ( + )] (F.1)

29— z3 (21— 22)% (21 — 23)?

Then we see in the Wess-Zumino gauge (A, = 7‘014395/1“ + 0% +-- -, etc.)
C:(PPD):  —(Fa(1)Fy(2))A%(1)(Da (3)A%(2)) W (3)
AT (AW ()
(21— 22)% 23 — 22
i W)
(21 —22)% 23 — 22
(PDP):  —(Pa(1)By(3))A%(1)(Da(2)A°(3))W*(2)
i A WEWE)
(21 — 23)% 22 — 23
D:(PDD):  —(Py(1)Da(2)Ds(3))A* ()W (2)W"(3)
2 1

[21—22@1—23 21— 23 (20— 2)?

@_%< LA wenwe
Dy(2)

= —

(21 — 22)2 (21— 23)2
E:(QDD): (Q° D, (3)Aa(1))WF(2)W7(3)
—&%DDA»((%&AD B (3)
B 1 1 1 1
- [_(z1 oy R P E .
This reduces to (B.9).

}Aﬂ»W@hW@)(E@
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F.2 1 loop: 2 fermions 4+ 2 vectors

We will concentrate on the case where the fermions are at both ends. The other case can be
easily obtained by permutation. There are two kinds of contributions: W (dW)(dddW )W
(with WF(ddF)W) and W (dW)(dW)(ddW') (and corresponding W (dW)F(dF)). The
W?2F? contribution gives a GP sum with the corresponding W2(dW)? as usual. The
explicit formula is

A:— W) (deﬁ(z)) <%d[5dadﬁ]ww3)> W (4)

+ et W F@) (Gdsd ) ) W)

B:— W%1) (%d[édadﬂwﬁ(zo (dsW7(3)) Wo(4)

+ Tt (1) ( gdsda P ) PV )

s = W) (daTVP(2)) (d5177(3)) (%d[ﬁdﬂW‘s(Zl))

+ %tr(%b%d)Wa (daWﬁ@)) F(3 <d Fed(q

D:— Wo1) (d5W5(2)> (daW7(3)) ( g WO (4 >
3
=t (a e W (D F™(2) (a7 (3)) (4, F(0))
E: (ded, W (1)) (dsW7(2)) (daW7(3)) WP (4)
3
— =t (aved) (dsF (1)) (sWP(2)) F3)W(4)
Fio (dydgWo (1) (daWP(2)) (dsW7(3)) W (4)
3 a C
— <otrCanvea) (d, (1)) F(2) (dsW7(3) WP(4) (.3)
A and B vanish due to a GP sum. C'+ D and E + F give identical contributions, using
integration by parts (momentum conservation) and the (free) W field equation JW = 0.
The results are given in (f.7).

These results appear in the literature in forms where neither gauge invariance nor
permutation symmetry (relating FFBB and FBFB) is manifest, which we now provide for
comparison. When written in terms of each momentum and gauge field, the results are
(before applying integration by parts)

C: —=ky koW (1) Ak AsW (4) + %Ag kg W (1) AafafsW (4)
D =Shy koW (1) Asks WV (4) + 3 A2 - kW (1) Asksfa IV (4)
E: ——ki-ksW(4)Aaka AsWW (1) + %Ag ki W (4) AafaksW (1)
F

— gk BT (4) Aafls AW (1) + 5 Ay -y W (4) Aol V(1) (F.4)
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Fach of C 4+ D and E + F can then be re-expressed as

%kl ke W(L)Asks Ao W (4)
+ki kg kg Ag W(l)AgW(4) + k- ko Ay - Aj W(l)sz(él)
+k1 - Az kg Ag W(1)E2W (4) + k1 - Ag ks - Ao W(1)EsW (4) (F.5)

Another expression for each of C, D, E, F' can be obtained by absorbing the second term
into the first term, and the summed result is:

—k1 - ks W(1)As(Ks + Fa) A2 W (4) — k1 - koW (1) A2 (K2 + Fa) AsW (4) (F.6)
F.3 1 loop: 4 fermions

There are totally 1 - (;1) :2-2 =3-4 = 12 terms (and also 12 corresponding (dF)2W? terms)
contributing to the 4-fermion amplitude:
1 (6%
[aBlvd] oy (discyy W YW (digd W )W°
1
o

1 a 0
— o151 W (disdy W) (diadgy WHW

1 o é
oWy dy W)W (dyaddy W)
1

212!

1 o §
+ 511 (s W YWOW (dpp,dy W)

1 a d
+oV (diody W) (disdg W)W

1 o é
—55 W WP (ddy W) (djodyW°)

1

[ad][B] : —ﬁWa(d[ada}Wﬁ YW (dpydg W°)
1

212!
1

212!

1 (0%
557 W W (diadyg W) (dggdy W) (F.7)

d, dy W) WPW (dipdy W)

[a][B9] : (disdg W) (dpy deg W) WIWO

+ o () dg W) (disd o W WO

(dipd W) WP (digd W)W

For each term there are 4 terms, which come from [d,dg — 'ygﬁ(—iaa)]Q. Among them
only the ~v term survives, and the others vanish due to a GP sum from corresponding
(dF)2WW terms.

For each group two terms are equal to the other 2 terms, and the resultant 6 terms are

2W (1)7aW (2) W (3)wW (4) kYkg
—2W (1)7aW (2) W (3)%W (4) kbkg
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+2W (1) W (3) W (2)3W (4) kiks
—2W (1), W (3) W (2)%W (4) kJk§
—2W (1)7aW (4) W (2)3W (3) k7k§
+2W (1) W (4) W (2)3W (3) kiks (F.8)

Symmetry between any two fermion lines is somewhat obscure in this form. But there are

Fierz identities which make it clear:

Az WA W(2) W(3)7aW(4)
= =W W(3) W(4)yW(2) = W)y W(4) W(2)7W(3)

B: W1 " W) W(4)vav7.W (3)kTkS
— AW (27 W (4) W (B)aW (kg - ks — AW (2)7a W (4) W ()W (1) kS kS
+H12W (2)7, W (3) W (1YW (4)k{ k5 — 12W (27" Wy W (1)7, W (4)k1 - k3

C: W9y W) WAy W (3)k7 kS
= SW (27 W (4) W (3)7aW (1)ks - ks — SW (2)7a W (4) W (3)7 W (1)k§ kS
+16W (2)7a W (3) W (YW (4)k§ kS — 16W (2)7*Ws W (1) W (4)k1 - k3
—AW (2)7a W (1) W (4)7, W (3)k§ K7 (F.9)

Using the above identities we can rewrite ([F.§) as

Ay ks W(LAW () - W@ W(3) — Ak - by W(AW(2) - WEHW @) (F.10)

Now symmetry in fermion lines can be checked using Fierz identity A.
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